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An effective Lagrangian for Yang-Mills theories with an arbitrary number of extra dimensions
is constructed. We start from a field theory governed by the extra-dimensional Poincare´ group
ISO(1, 3+n) and by the extended gauge group SU(N,M4+n), which is characterized by an unknown
energy scale Λ and is assumed to be valid at energies far below this scale. Assuming that the size of
the extra dimensions is much larger than the distance scale at which this theory is valid, an effective
theory with symmetry groups ISO(1, 3) and SU(N,M4) is constructed. The transition between
such theories is carried out via a canonical transformation that allows us to hide the extended
symmetries {ISO(1, 3+ n), SU(N,M4+n)} into the standard symmetries {ISO(1, 3), SU(N,M4)},
and thus endow the Kaluza-Klein gauge fields with mass. Using a set of orthogonal functions
{f (0), f (m)(x¯)}, which is generated by the Casimir invariant P¯ 2 associated with the translations
subgroup T (n) ⊂ ISO(n), the degrees of freedom of {ISO(1, 3 + n), SU(N,M4+n)} are expanded
via a general Fourier series, whose coefficients are the degrees of freedom of {ISO(1, 3), SU(N,M4)}.
It is shown that these functions, which correspond to the projection on the coordinates basis {|x¯
〉
} of
the discrete basis {|0
〉
, |p(m)
〉
} generated by P¯ 2, play a central role in defining the effective theory.
It is shown that those components along the base state f (0) =
〈
x¯|0
〉
do not receive mass at the
compactification scale, so they are identified with the standard Yang-Mills fields; but components
along excited states f (m) =
〈
x¯|p(m)
〉
do receive mass at this scale, so they correspond to Kaluza-
Klein excitations. In particular, it is shown that associated with any direction |p(m) 6= 0
〉
there are
a massive gauge field and a pseudo-Goldstone boson. Some resemblances of this mass-generating
mechanism with the Englert-Higgs mechanism are stressed.
PACS numbers:
INTRODUCTION
Fundamental theories at the Plank scale, as superstring theory [1–3], require of more than four dimensions in order
to be self-consistent. The interest in phenomenological effects produced by new physics involving extra dimensions
arose after the works by Antoniadis, Arkani-Hamed, Dimopoulos and Dvali [4–6], who argued that relatively large
extra dimensions could be detected at the TeV scale. If such large extra dimensions exist, they can affect low
energy processes. Therefore, it is interesting to construct an effective theory that allows us to study their impact on
low-energy observables. The main goal of this paper is to discuss the theoretical bases that lead to the formulation
of such an effective theory. The most interesting aspects, but at the same time more intricate ones, have to do with
gauge invariance, so we will focus our discussion on a pure (without matter fields) Yang-Mills theory. Our study will
be based on the well-known universal extra dimensions approach [7]. An advancement of the material presented here
has been recently reported by some of us [8]. Also, other results that are closely related with this work have been
discussed by some of us in Refs. [9–11]. Our purpose is to deepen these ideas and at the same time to present a
unified version of this topic.
Our approach will be based on the notion of hidden symmetry. The concept of hidden symmetry is a powerful
instrument that allows to elegantly describe some subtle and complex scenarios of fundamental physics. Hidden
symmetry and spontaneous symmetry breaking (SSB) [12] are the cornerstone of the Standard Model (SM) of particle
physics. The merger of both ideas is the very essence of the famous Englert-Higgs mechanism (EHM) [13]. In this
work, we follow this approach closely to lay the foundations of a Yang-Mills extension to extra flat dimensions. We
consider, as a starting point, an action for a field theory defined on a flat-spacetime manifold: Md = M4 × Nn,
which is the result of the cartesian product of the four-dimensional Minkowski spacetimeM4 and some n-dimensional
noncompact manifold Nn that represents a spatial extension. We assume this higher-dimensional theory to be
invariant under the Poincare´ group ISO(1, 3 + n) and the gauge group SU(N,Md), which is a gauge group with all
of its group parameters defined on Md. Since this theory is not renormalizable in the Dyson’s sense, it is given by a
2Lagrangian that includes an infinite number of {ISO(1, 3 + n), SU(N,Md)}-invariant terms of all possible canonical
dimensions. The lowest-dimensional term corresponds to a direct (4 + n)-dimensional extension of the standard
4-dimensional theory, while those terms of increasing dimension are suppressed by inverse powers of an unknown
energy scale Λ, which is assumed to be far above the Fermi scale. We assume that the average size of the extra
dimensions, R, is so large compared with the distance scale at which this theory is valid that extra dimensions can
be practically considered as infinite. At energies far above the compactification scale R−1, this theory is governed by
the extended groups {ISO(1, 3 + n) , SU(N,Md)}. To describe the physical phenomena at much-smaller energies,
where the compactness of the extra dimensions becomes apparent, we need to hide the {ISO(1, 3 + n), SU(N,Md)}
symmetry into {ISO(1, 3), SU(N,M4)}. Observe that SU(N,Md) and SU(N,M4) coincide as Lie groups, but
they differ as gauge groups. It should be noted that the process of hiding a symmetry does not mean moving from
one theory to another, but rather focusing on the same theory from another perspective. This means that we must
pass from the description based on {ISO(1, 3 + n), SU(N,Md)} to that characterized by {ISO(1, 3), SU(N,M4)}
through a canonical transformation. As it occurs in theories with SSB, the physical content is a matter of scales. In
the SM one uses the groups SUC(3,M4)× Ue(1,M4) to describe physical phenomena at energies of the order of the
Fermi scale v, but at energies far above v the SUC(3,M4)× SUL(2,M4)× UY (1,M4) description must be used. In
our case, at energies of the order of the compactification scale R−1, we use the {ISO(1, 3), SU(N,M4)} description.
However, at energies far above the R−1 scale, we use the {ISO(1, 3 + n), SU(N,Md)} description, since at these
energies we are exploring distances so small that the compact dimensions would really look infinite.
The compactification program comprises a number of nontrivial steps. First, one must define a canonical transfor-
mation that maps covariant objets of {ISO(1, 3 + n), SU(N,Md)} into covariant objets of {ISO(1, 3), SU(N,M4)}.
This transformation is crucial to hide the extended symmetry into the standard one. Second, since the number of
connections of SU(N,M4) is smaller than that of SU(N,Md), the difference will appear in tensorial representations
of SU(N,M4). So from the perspective of the standard SU(N,M4) gauge group, these connections can be endowed
with mass. Indeed, it is necessary to endow such connections with mass at the compactification scale R−1 because
these new-physics effects must be of decoupling nature in accordance with the Appelquist-Carazzone’s decoupling
theorem [14]. This means that some instrument analogous to SSB must be available in order to generate such
masses. Any new particle that emerges as a consequence of the process of hiding the symmetry must be endowed
with mass through that instrument. The pass from the extended symmetry to the standard one should not spoil the
gauge structure of the theory, which means that we must be able to examine the physical phenomenon from both
the {ISO(1, 3), SU(N,M4)} and {ISO(1, 3 + n), SU(N,Md)} points of view. As it occurs in theories with SSB,
the hiding of the gauge symmetry manifests itself through the presence of two types of gauge transformations: the
standard gauge transformations (SGTs) of the group SU(N,M4) and a set of nonstandard gauge transformations
(NSGTs). The NSGTs are determined by gauge parameters which do not belong to the SU(N,M4) gauge group (see
Refs. [9–11]). A nontrivial consequence of hiding the extended symmetry into the standard one is the presence of an
infinite number of basic fields produced by the canonical map. These fields correspond to the so-called Kaluza-Klein
(KK) towers; some of these towers involve a field that can be identified with a standard gauge field onM4 because it
does not receive mass from the compactification mechanism, while all the remaining KK fields receive mass through
this mechanism.
As commented, our approach is based on the notion of hidden symmetry. Since this concept is central to the SM,
one of our main purposes is to establish a parallelism of the Kaluza-Klein mass generating mechanism with the EHM
mechanism, highlighting both coincidences and discrepancies. An important goal is to establish the sequence of hiding
symmetries:
{ISO(1, 3 + n), SU(N,Md)} R−1−−−→ {ISO(1, 3), SU(N,M4)} . (1)
The rest of the paper has been organized as follows. In Sec. , a qualitative discussion about the EHM at the classical
level is presented. The implications of the Lie algebra of the ISO(1, 3 + n) group and its subgroups ISO(1, 3) and
ISO(n) on the constants of motion of the system discussed. In Sec. , the conceptual and technical ingredients behind
the derivation of the extended four-dimensional Yang-Mills theory are presented. In Sec. , a summary of our results
is presented. In and we collect several conventions and integrals that have been used in our derivations.
3PRELIMINARIES
One of the purposes of this section is to present a qualitative discussion, at the classical level, of the main features
of the EHM. Another point to be discussed has to do with the Lie algebra of the spacetime groups and their associated
constants of motion.
The Englert-Higgs Mechanism
In order to establish an appropriate context for our discussion, let us briefly recall the main ingredients of
theories with SSB. The degrees of freedom of some gauge field theory under consideration are characterized
by connections and tensorial representations of a gauge group G. In the jargon of particle physics, the former
are known as gauge fields and the latter are called matter fields. This classification has profound consequences
at the quantum level because gauge symmetry only allows mass terms for those fields that appear in tensorial
representations of G. Mass terms for gauge fields spoil gauge invariance, so, from the G-group perspective, they
are necessarily associated with massless particles. To endow with mass this class of fields, we need to approach
the theory from another perspective, in which some of the gauge fields of G look like matter fields. This change
of perspective can be implemented through a canonical transformation that allows us to map covariant objets of
G into covariant objets of one of its subgroups, H . Since the number of connections of H is smaller than that of
G, the connections that do not belong to H will appear in tensorial representations of it. So, to endow some of
the connections of G with mass, one needs to hide the G symmetry into the H symmetry. This does not mean,
though, that the G symmetry is lost, since the canonical map can be reversed. The concept of hidden symme-
try is central to the EHM [13], which allows us to generate masses for gauge fields through the phenomenon of SSB [12].
The SSB of a continuous symmetry occurs in presence of an infinitely-degenerate vacuum, which has its origin in a
scalar potential with very peculiar features. In the simplest scenario, this potential defines a spherical surface of radius
v on which the system has its minimal energy. All the points on the sphere are physically equivalent because they are
related by the G group. To breakdown G into H , a particular point of the sphere, characterized by a constant vector
Φ0, must be chosen. It is said that the group G is broken into its subgroup H at the scale v, in the sense that the Φ0
direction is left invariant by the H group, that is, Φ0 is annihilated by the generators T
a¯ of H . If the symmetry is
global, we have the Goldstone theorem, which tells us that for each broken generator of G (those generators T aˆ of G
such that T aˆΦ0 6= 0) there is an associated massless scalar particle (Goldstone boson). If G is a gauge group, the gauge
fields associated with the broken generators of G acquire a mass proportional to the scale v. This is the celebrated
EHM. Its physical meaning is very interesting: at energy scales of order of v, the phenomenology is explained by the
H group, but at energies far above of v, we must use the G perspective to describe the physical phenomena. Thus,
whether we describe phenomena through the group G or the group H is a matter of energy scales. Below, we follow
this approach closely to construct a Yang-Mills extension to extra dimensions.
Spacetime constants of motion
In a flat d-dimensional spacetime, with d = 4+n, the Poincare´ group ISO(1, d−1) is defined through its generators,
whose number is equal to 12d(d + 1). d of such generators, denoted by PM , belong to the group of translations,
T (1, d − 1), while the remaining 12d(d − 1) generators, denoted by JMN , are associated with the Lorentz group
SO(1, d− 1). These generators satisfy the Poincare´ algebra
[PM , PN ] = 0 , (2)
[JMN , PR] = i (gMRPN − gNRPM ) , (3)
[JMN , JRS ] = i (gMRJNS − gMSJNR − gNRJMS + gNSJMR) . (4)
It is not difficult to see that there are two merged subalgebras in this algebra. One of them corresponds to the
standard Poincare´ group ISO(1, 3),
[Pµ , Pν ] = 0 , (5)
[Jµν , Pρ] = i (gµρPν − gνρPµ) , (6)
[Jµν , Jρσ] = i (gµρJνσ − gµσJνρ − gνρJµσ + gνσJµρ) , (7)
4whereas the other is associated with the inhomogeneous orthogonal group in n dimensions, ISO(n):
[Pµ¯ , Pν¯ ] = 0 , (8)
[Jµ¯ν¯ , Pρ¯] = i (δν¯ρ¯Pµ¯ − δµ¯ρ¯Pν¯) , (9)
[Jµ¯ν¯ , Jρ¯σ¯] = i (δµ¯σ¯Jν¯ρ¯ − δµ¯ρ¯Jν¯σ¯ − δν¯σ¯Jµ¯ρ¯ + δν¯ρ¯Jµ¯σ¯) . (10)
By identifying P0 with the Hamiltonian of the system, we can see, from Eqs. (2) and (3), that the generators Pµ,
Pµ¯, Jij , and Jµ¯ν¯ are all constants of motion. This in turn implies that all the generators of the inhomogeneous ISO(n)
group are constants of motion. As we will see later, this fact plays a central role in the mechanism to generate the
Kaluza-Klein mass spectrum. On the other hand, it is easy to see that the generators of boosts J0i and J0µ¯ are
not conserved quantities. Below, we will profit from this discussion on constants of motion; the Casimir invariant
Pµ¯Pµ¯ will be used to define a complete set of orthogonal functions that determines 1) a canonical map to change the
perspective of the theory from extra dimensions to four dimensions, and 2) a mass spectrum for KK modes that is in
accordance with the decoupling theorem.
YANG-MILLS THEORIES WITH EXTRA DIMENSIONS
The starting point is an effective gauge field theory that is governed by the extended groups {ISO(1, 3 +
n), SU(N,Md)}, and whose gauge parameters are defined all over the spacetime Md = M4 × Nn. The action
of the theory is assumed to be a functional on gauge fields. Since the theory is not renormalizable in the Dyson’s
sense, the corresponding action consists of an infinite series of Lorentz and gauge invariant terms of growing canonical
dimension, that is,
Seff [Aaµ] =
∫
d 4x dnx¯ L4+n (FaMN ,DaAFaMN , · · · ) , (11)
where
L4+n = −1
4
FaMNFMNa +
∑
d
λd
Λd
L(d+d) (FaMN ,DaAFaMN , · · · ) , (12)
with
FaMN (x, x¯) = ∂MAaN (x, x¯)− ∂NAaM (x, x¯) + g4+nfabcAbM (x, x¯)AcN (x, x¯) . (13)
In this expression, g4+n and f
abc are the coupling constant and the structure constant of the SU(N,Md) group.
Under the extended gauge group SU(N,Md), the connection and curvature components transform, respectively, as
δAaM (x, x¯) = DabMαb(x, x¯) , (14a)
δFaMN (x, x¯) = g4+nfabcFbMN (x, x¯)αc(x, x¯) , (14b)
where αa(x, x¯) are the gauge parameters and DabM = δab∂M − g4+nfabcAcM (x, x¯) is the covariant derivative in
the adjoint representation of the group. In the expression (12), L(d+d) represents gauge- and Lorentz-invariant
interactions of canonical dimension greater than d, formulated from curvatures FaMN and its covariant derivatives
Dab1M1Db1b2M2 · · ·D
bk−1bk
Mk
FbkMN , multiplied by unknown coupling constants λd/Λd. The first term in the right-hand side
of Eq. (12) corresponds to a straightforward extension of the functional structure of the well-known Yang-Mills
Lagrangian from four dimensions to d dimensions. Terms of greater dimension are suppressed by inverse powers of Λ,
which is assumed to be far above the explored energies. In fact, according to the effective Lagrangian approach, this
theory is valid only for energies less than Λ. We assume that the size of the extra dimensions is so large compared
with this energies that it actually can be considered as infinite. This justifies the ISO(1, 3 + n) description of the
effective theory (12). Note that the first term in Eq. (12) does not depend on the Λ scale, although it does depend
on dimensionful coupling constant. As we see below, this term plays a central role in the {ISO(1, 3), SU(N,M4)}
description.
Our main goal is to construct a Yang-Mills extension to extra dimensions. To do this, we need to define
canonical maps that allow us to descend towards low-energy regimes in accordance with the pattern of hiding
5symmetries that we schematized in Eq. (1). To carry out this program, we stress that SO(1, 3) and SO(n) are
subgroups of SO(1, 3 + n). Also, note that the gauge fields AaM (x, x¯) (M = 0, 1, . . . , 3; 5, . . . , d ≡ µ; µ¯), which are
vector fields of SO(1, 3 + n), can be seen as an SO(1, 3)-vector field, with components Aaµ, and n SO(1, 3)-scalars
denoted byAaµ¯; under the SO(n) group, the four components ofAaµ are scalar fields, whereasAaµ¯ can be seen as a vector.
Hiding the symmetry
From now on, we will focus on the first term of the effective Lagrangian given by Eq. (12), which defines the action
S[AaM ] = −
1
4
∫
d 4x dnx¯FaMN (x, x¯)FMNa (x, x¯) . (15)
To hide the symmetry {ISO(1, 3 + n), SU(N,Md} into {ISO(1, 3), SU(N,M4} means to hide the ISO(1, 3 + n)
symmetry into ISO(1, 3), since implicit to this is the passage from SU(N,Md) to SU(N,M4). We first map covariant
objets of SO(1, 3 + n) into covariant objets of its subgroups {SO(1, 3), SO(n)}:
SO(1, 3 + n) 7→ {SO(1, 3), SO(n)},
AaM (x, x¯) 7→ {Aaµ(x, x¯), Aaµ¯(x, x¯)} . (16)
This map in turn leads to the curvatures
FaMN (x, x¯) 7→ {Faµν(x, x¯), Faµν¯(x, x¯), Faµ¯ν¯(x, x¯)} , (17)
with Faµν(x, x¯), Faµν¯(x, x¯), and Faµ¯ν¯(x, x¯) transforming as 2-form (0-form), 1-form (1-form), and 0-form (2-form)
under the SO(1, 3)(SO(n)) group, respectively.
The maps (16) and (17) allow us to pass from the action (15) to an action given by
S[Aaµ,Aaµ¯] = −
1
4
∫
d4x dnx¯
[
Faµν(x, x¯)Fµνa (x, x¯) + 2Faµν¯(x, x¯)Fµν¯a (x, x¯)
+Faµ¯ν¯(x, x¯)F µ¯ν¯a (x, x¯)
]
, (18)
which is manifestly invariant under the SO(1, 3) and SO(n) groups. Although from the SO(1, 3) perspective the
larger symmetry SO(1, 3 + n) seems to have disappeared, this is not actually the case, as one can trivially pass
from the action (18) to the action (15) where this symmetry is manifest. What really happened is that the map
(16) hid the SO(1, 3 + n) symmetry. We can see that this map splits Eq.(14a) into two identical expressions for
the Aaµ(x, x¯) and Aaµ¯(x, x¯) connection components; whereas Eq.(14b) has been split into three identical expressions
for the curvature components {Faµν(x, x¯), Faµν¯(x, x¯), Faµ¯ν¯(x, x¯)}. This means that the action (18) remains governed
by the gauge group SU(N,Md). Evidently, this point map can easily be elevated to a canonical map at the phase space.
The map given in (16) accommodates representations of SO(1, 3 + n) into representations of the groups SO(1, 3)
and SO(n). However, to move completely from the extended symmetry to the standard one, we need to remove
any dependence on the x¯ coordinates from the theory. This step is nontrivial because, in the original theory, these
coordinates play the role of labels that count degrees of freedom. In other words, we need to define another canonical
map that allows us to remove any manifest dynamical role of the ISO(n) subgroup. To do this, assume that some
compactification procedure on the Nn submanifold has been carried out, and let {f (m)(x¯)} be a complete set of
orthogonal functions defined on the compact manifold. Then, the fields appearing in (16) and the gauge parameters,
αa(x, x¯), can be decomposed in this basis through a general Fourier series as follows:
Aaµ(x, x¯) =
∑
(m)
f (m)(x¯)A(m)aµ (x) , (19a)
Aaµ¯(x, x¯) =
∑
(m)
f (m)(x¯)A
(m)a
µ¯ (x) , (19b)
αa(x, x¯) =
∑
(m)
f (m)(x¯)α(m)a(x) , (19c)
6and analogous expressions for Πaµ and Π
a
µ¯, which are the canonical conjugates of Aaµ(x, x¯) and Aaµ¯(x, x¯), respectively.
The symbol
∑
(m) is defined in . In the above map, the degrees of freedom are characterized by the infinite set of fields
{A(m)aµ (x), A(m)aµ¯ (x)}, while the f (m)(x¯) functions do not represent degrees of freedom. Assuming that the functions
of this set are normalized, the above maps can be reversed to obtain
A(m)aµ (x) =
∫
dnx¯ f (m)(x¯)Aaµ(x, x¯) , (20a)
A
(m)a
µ¯ (x) =
∫
dnx¯ f (m)(x¯)Aaµ¯(x, x¯) . (20b)
On the other hand, using the orthonormality of the f (m)(x¯) functions, it is easy to show that the fundamental Poisson’s
brackets
{Aaµ(x, x¯), Πbν(x′, x¯′)} = δab δµν δ(x− x′) δ(x¯− x¯′) , (21a)
{Aaµ¯(x, x¯), Πbν¯(x′, x¯′)} = δab δµ¯ν¯ δ(x− x′) δ(x¯− x¯′) , (21b)
become
{A(m)aµ (x), pi(n)bν (x′)} = δab δµν δ(m)(n) δ(x − x′) , (22a)
{A(m)aµ¯ (x), pi(n)bν¯ (x′)} = δab δµ¯ν¯ δ(m)(n) δ(x − x′) . (22b)
Here the symbol δ(mn) stands for the following product of Kronecker’s deltas:
δ(rs) = δr
1
s
1
δr
2
s
2
· · · δr
n
s
n
. (23)
This shows that the transformations given by Eqs. (19a) and (19b) correspond to a canonical map [10]. It should be
stressed that this result does not depend on the scheme used to carry out the compactification, it only depends on
the completeness of the {f (m)(x¯)} basis.
The canonical map given by Eqs. (19a) and (19b) clearly preserves the covariant essence of the first canonical
map (16) because it is immediate to establish that the A
(m)a
µ (x) and A
(m)a
µ¯ (x) fields transform as a vector and n scalars
under SO(1, 3), respectively. However, it is not clear how these objets transform under the standard SU(N,M4) gauge
group; this point remains dark so far. To clarify it, note that the constant function f (0) may be an element of the
set of functions {f (m)(x¯)}. From now on, we will assume that the constant function belongs to this set of complete
functions. As already noted, according to map (16), the variation of the connections AaM (x, x¯) given by Eq. (14a)
unfold into
δAaµ(x, x¯) = Dabµ αb(x, x¯) , (24a)
δAaµ¯(x, x¯) = Dabµ¯ αb(x, x¯) . (24b)
Then, taking into account the canonical map given by Eqs. (19a) and (19b), and using the orthogonality of the set
{f (0), f (m)(x¯)} of functions, we have
δA(0)aµ (x) = D(0)abµ α(0)b(x) + gfabc
∑
(m)
A(m)bµ (x)α
(m)c(x) , (25a)
δA(m)aµ (x) = gf
abcA(m)bµ (x)α
(0)c(x) +
∑
(r)
D(mr)abµ α(r)b(x) , (25b)
δA
(0)a
µ¯ (x) = gf
abcA
(0)b
µ¯ α
(0)c(x) + gfabc
∑
(m)
A
(m)b
µ¯ (x)α
(m)c(x)
+
∑
(m)
[∫
dnx¯f (0)∂µ¯f
(m)
]
α(m)a , (26a)
δA
(m)a
µ¯ (x) = gf
abcA
(m)b
µ¯ (x)α
(0)c(x) + gfabcA
(0)b
µ¯ (x)α
(m)c(x)
−
∑
(r)
D(mr)abµ¯ α(r)b(x) , (26b)
7where
D(mr)abµ = δ(mr)D(0)abµ − gfabc
∑
(s)
∆(mrs)A
(s)c
µ , (27a)
D(mr)abµ¯ = −δab
∫
dnx¯f (m)(x¯)∂µ¯f
(r)(x¯) + gfabc
∑
(s)
∆(mrs)A
(s)c
µ¯ , (27b)
with D(0)abµ = δab∂µ − gfabcA(0)cµ the covariant derivative in the adjoint representation of SU(N,M4) and g =
f (0)g(4+n) the dimensionless constant coupling. The symbol ∆(mrs) appearing in the above expressions is given by
∆(mrs) =
1
f (0)
∫
dnx¯f (m)(x¯)f (r)(x¯)f (s)(x¯) , (28)
which will be defined more precisely later. In previous expressions, generic quantities of the way ϕ
(0)
A (x) and ϕ
(m)
A (x)
are the components of fields or gauge parameters along f (0) and f (m)(x), respectively. Note that if we identify
the α(0)a(x) parameters as the gauge parameters of the standard SU(N,M4) group, then, making α(m)a(x) = 0,
Eqs. (25a), (25b), (26a), and (26b) become
δsA
(0)a
µ (x) = D(0)abµ α(0)b(x) , (29a)
δsA
(m)a
µ (x) = gf
abcA(m)bµ (x)α
(0)c(x) , (29b)
δsA
(0)a
µ¯ (x) = gf
abcA
(0)b
µ¯ α
(0)c(x) , (29c)
δsA
(m)a
µ¯ (x) = gf
abcA
(m)b
µ¯ (x)α
(0)c(x) . (29d)
These expressions, which we call the SGTs, mean that A
(0)a
µ (x) transform as connections, whereas A
(m)a
µ (x), A
(0)a
µ¯ (x),
and A
(m)a
µ¯ (x) transform as matter fields (in the adjoint representation) under this group. So far, everything seems to
be going well. However, we must take into account the physical requirement that the standard pure Yang-Mills theory
must be recovered in the limit R→ 0. In other words, the new-physics effects must decouple, in accordance with the
decoupling theorem [14]. Nevertheless, the usual pure Yang-Mills theory does not have scalar fields, so the existence
of such fields must be exclusively linked to the presence of extra dimensions. To establish this link, note that the only
element of the set of basis functions which does not depend on the geometrical details of the compact manifold is the
constant function f (0). It is inferred from this that, in general, any field without standard counterpart does not have
component along f (0). The fact that the constant function is trivially even under the interchange x¯ → −x¯ suggests
that the basis {f (0), f (m)(x¯)} of functions can be reorganized into two independent bases, one containing the even
functions, {f (0)E , f (m)E (x¯)}, and the other containing the odd functions, {f (m)O (x¯)}. Then, we postulate that any field
with standard counterpart is even under the reflection x¯ → −x¯, while those without standard counterpart are odd
with respect to such a transformation. Accordingly, Eqs.(19a, 19b,19c) take the form
Aaµ(x, x¯) = f (0)E A(0)aµ (x) +
∑
(m)
f
(m)
E (x¯)A
(m)a
µ (x) , (30a)
Aaµ¯(x, x¯) =
∑
(m)
f
(m)
O (x¯)A
(m)a
µ¯ (x) , (30b)
αa(x, x¯) = f
(0)
E α
(0)a(x) +
∑
(m)
f
(m)
E (x¯)α
(m)a(x) , (30c)
Also, this assumption eliminates Eqs.(26a,29c) and reduces Eq.(26b) to
δA
(m)a
µ¯ (x) = gf
abcA
(m)b
µ¯ (x)α
(0)c(x)−
∑
(r)
D(mr)abµ¯ α(r)b(x) , (31)
while Eqs.(27a,27b) becomes
D(mr)abµ = δ(mr)D(0)abµ − gfabc
∑
(s)
∆(mrs)A
(s)c
µ , (32a)
D(mr)abµ¯ = −δabp(mr)µ¯ + gfabc
∑
(s)
∆′(mrs)A
(s)c
µ¯ , (32b)
8where
p
(mr)
µ¯ =
∫
dnx¯f
(m)
O (x¯)∂µ¯f
(r)
E (x¯) . (33)
Observe that, due to the parity of the base functions, the symbol given by Eq.(28) has been divided into the following
symbols:
∆(mrs) =
1
f (0)
∫
dnx¯f
(m)
E (x¯)f
(r)
E (x¯)f
(s)
E (x¯) , (34a)
∆′(mrs) =
1
f (0)
∫
dnx¯f
(m)
O (x¯)f
(r)
O (x¯)f
(s)
E (x¯) . (34b)
Directly from their definitions, we can see that ∆(mrs) is symmetric in all its indices, while ∆
′
(mrs) is symmetric only
under the interchange of the first two indices. Note that to determine these symbols we need to specify the set of
functions f (m)(x¯).
In order to identify the variations of the fields A
(0)a
µ (x), A
(m)a
µ (x), and A
(m)a
µ¯ (x) under the SU(N,M4) group,
we have taken the parameters α(m)a(x) equal to zero, but such parameters define transformations of these fields as
well. This fact should not surprise us, as it is inherent to the implementation of a canonical transformation to hide a
gauge symmetry. When the map connects two different Lie groups, that is, it connects the gauge group G to one of
its subgroups H , the parameters analogous to α(m)a(x) are those associated with the generators of G which do not
belong to H . In our case, the map is between two different gauge groups that are identical as Lie groups. However, in
both cases, the presence of these parameters tells us that there is a larger gauge symmetry. The parameters α(m)a(x)
play a central role in quantizing the theory [9] in the context of the BRST formalism [16]. It should be stressed that
the gauge structure of the original theory is not spoiled, since the algebra satisfied by the constrains of the theory is
given in terms of Poisson’s brackets [17], which are preserved by canonical maps (see Ref. [10]). A direct consequence
of this is the fact that the KK excitations A
(m)a
µ (x) are gauge fields, although from the SU(N,M4) perspective they
transform as matter fields. The α(m)a(x) parameters define the NSGTs according to
δnsA
(0)a
µ (x) = gf
abc
∑
(m)
A(m)bµ (x)α
(m)c(x) , (35a)
δnsA
(m)a
µ (x) =
∑
(r)
D(mr)abµ α(r)b(x) , (35b)
δnsA
(m)a
µ¯ (x) = −
∑
(r)
D(mr)abµ¯ α(r)b(x) . (35c)
So far, we have completed the program of hiding the {ISO(1, 3 + n), SU(N,Md)} symmetry into the
{ISO(1, 3), SU(N,M4)} symmetry through the canonical transformations (16), (30a), and (30b), together
with the map of the gauge parameters given in Eq. (30c). The original connections AaM (x, x¯) have been mapped
into the infinite set of fields {A(0)aµ (x), A(m)aµ (x), A(m)aµ¯ (x)}. We have shown that the A(0)aµ fields correspond to the
connections of the gauge group SU(N,M4), whereas the infinite set of fields {A(m)aµ , A(m)aµ¯ }, which are recognized as
the KK excitations of A
(0)a
µ , transform in the adjoint representation of this group. As commented at the beginning
of this section, when the gauge symmetry G is hidden into H , with H a subgroup of G, the connections of G, Aaµ,
are mapped into the connections Aa¯µ, and matter fields, A
aˆ
µ, of H . From the H perspective, the fields A
aˆ
µ can be
endowed with mass. SSB can be used to do this. In our case, the {A(m)aµ , A(m)aµ¯ } fields appear as matter fields under
the SU(N,M4) perspective, so they can be endowed with mass. However, not all these fields can be identified as
gauge fields, since there must be a one-to-one relation between gauge fields and gauge parameters. It is not difficult
to convince ourselves that the only possibility is A
(m)a
µ (x) ↔ α(m)a(x), so the A(m)aµ¯ fields are not gauge fields, as it
was expected. At this stage, we can ask the following question: what is the instrument analogous to SSB that allows
us to endow these fields with mass? We now answer this question.
9Mass spectrum
Previously, we have shown how to hide the {ISO(1, 3 + n), SU(N,Md)} symmetry into the standard
{ISO(1, 3), SU(N,M4)} symmetry through the canonical transformations (16) and (30a,30b,30c). The next step
is to identify the mechanism that allows us to endow the gauge, A
(m)a
µ (x), and scalar, A
(m)a
µ¯ (x), fields with mass,
proportional to the compactification scale R−1. In this respect, we observe that such a mechanism is contained in
the very structure of the theory. To see this, note that the curvatures Faµν(x, x¯), Faµν¯(x, x¯), and Faµ¯ν¯(x, x¯) are x¯-even,
x¯-odd, and x¯-even, respectively, so they can be expressed in the {f (0)E , f (m)E (x¯)} and {f (m)O (x¯)} bases, as follows:
Faµν(x, x¯) = f (0)E F (0)aµν (x) +
∑
(m)
f
(m)
E (x¯)F (m)aµν (x) , (36a)
Faµν¯(x, x¯) =
∑
(m)
f
(m)
O (x¯)F (m)aµν¯ (x) , (36b)
Faµ¯ν¯(x, x¯) = f (0)E F (0)aµ¯ν¯ (x) +
∑
(m)
f
(m)
E (x¯)F (m)aµ¯ν¯ (x) . (36c)
Then, after integrating over the extra coordinates in the action (18), we have an effective Lagrangian given by
LYMeff = LYMv-v + LYMv-s + LYMs-s , (37)
with
LYMv-v = −
1
4
F (0)aµν (x)F (0)µνa (x)−
1
4
∑
(m)
F (m)aµν (x)F (m)µνa (x) , (38a)
LYMv-s =
1
2
∑
(m)
F (m)aµν¯ (x)F (m)aµν¯(x) , (38b)
LYMs-s = −
1
4
F (0)aµ¯ν¯ (x)F (0)µ¯ν¯a (x)−
1
4
∑
(m)
F (m)aµ¯ν¯ (x)F (m)µ¯ν¯a (x) . (38c)
Note that the Lagrangians (38b) and (38c) correspond to a scalar kinetic sector and to a scalar potential, respectively.
This means that masses for the gauge, A
(m)a
µ (x), and scalar, A
(m)a
µ¯ (x), fields can arise from the Lagrangians (38b)
and (38c), respectively. The presence of quadratic terms in (38b) and (38c) can be seen noting that the 1-form and
0-form that define these Lagrangians have parts that are linear in fields:
F (m)aµν¯ = D(0)abµ A(m)bν¯ −
∑
(r)
A(r)aµ
∫
dnx¯f
(m)
O (x¯)∂ν¯f
(r)
E (x¯)
+ gfabc
∑
(rs)
∆′(rsm)A
(r)b
µ (x)A
(s)c
ν¯ (x) (39a)
F (m)aµ¯ν¯ =
∑
(r)
A
(r)a
α¯
∫
dnx¯f
(m)
E (x¯)
[
δα¯ν¯ ∂µ¯f
(r)
O (x¯)− δα¯µ¯ ∂ν¯f (r)O (x¯)
]
+ gfabc
∑
(rs)
∆′(rsm)A
(r)b
µ¯ (x)A
(s)c
ν¯ (x) , (39b)
F (0)aµ¯ν¯ = gfabc
∑
(m)
A
(m)b
µ¯ (x)A
(m)c
ν¯ (x) . (40)
The structures of Eqs. (39a) and (39b) are quite illuminating. Firstly, note that the functions ∂µ¯f
(m)
E (x¯) and ∂µ¯f
(m)
O (x¯)
are odd and even, respectively. This fact guarantees the existence of mass terms for the fields A
(m)a
µ (x) and A
(m)a
µ¯ (x)
and suggests how to define the set of orthonormal functions {f (0)E , f (m)E (x¯), f (m)O (x¯)}. To generate this complete set of
functions, we need some observable that can be associated with extra dimensions. By observable we mean a Hermitian
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operator that allows us to generate an orthogonal basis which is associated to a set of real eigenvalues. In this respect,
we note that we have at our disposal the (n+1)/2 Casimir invariants [15] of the inhomogeneous ISO(n) group, whose
generators, as it was shown in Sec. , are all constants of motion. One of these invariants is the one associated with the
translations group T (n), given by P¯ 2 = Pµ¯Pµ¯. If {|p¯
〉} is the ket basis generated by Pµ¯, that is, Pµ¯|p¯〉 = pµ¯|p¯〉, then〈
x¯|Pµ¯|p¯
〉
= ∂µ¯f(x¯). These kets are eigenkets of the Casimir invariant, that is, P¯
2|p¯〉 = p¯2|pµ¯〉. So, in the coordinates
basis {|x¯〉}, we have the eigenvalue equation for the Laplacian △¯ ≡ ∂µ¯∂µ¯,
△¯f(x¯) = −p¯2f(x¯) . (41)
Clearly, the solutions of this equation are plane waves exp(ip¯ · x¯), that is, a linear combination of n-dimensional sines
and cosines. In an infinite space, the spectrum is continuous, but our manifold is compact. We assume that each
coordinate x¯i is coiled in a circle S
1 of radius Ri, and since we need to define, besides periodicity, parity on the
manifold, we introduce the orbifold S1/Z2. Then, we assume a compact manifold made of n copies of the S
1/Z2
orbifold. It is assumed, for simplicity, that all radii are equal, R1 = · · · = Rn ≡ R. Then, we can see that the set
of odd functions, {f (m)O (x¯)}, are n-dimensional sines, which satisfy Dirichlet’s boundary conditions; whereas the set
of even functions, {f (0)E , f (m)E (x¯)}, are the constant function and n-dimensional cosines, which satisfy Neumann’s
boundary conditions. The spectrum p¯2, which will be denoted by m2(m) = p
(m)
µ¯ p
(m)
µ¯ , is discrete; it is given by
m2(m) = R
−2m2, with m2 = m21 + · · ·m2n any admissible combination of Fourier indices. Note that f (0)E = 〈x¯|0〉
corresponds to the wave function associated with the “ground state”. The fact that the function f
(0)
E has eigenvalue
equal to zero (p¯ = 0) means that the standard fields do not receive mass at the R−1 scale. Accordingly, the set of
maps (30a, 30b, 30c) and (36a, 36b, 36c) are given by even or odd n-dimensional Fourier series. The set of functions
{f (0)E , f (m)E (x¯), f (m)O (x¯)} are given in .
With the help of the set of trigonometric functions introduced above, we can rewrite the expressions (39a) and
(39b) as follows:
F (m)aµν¯ = D(0)abµ A(m)bν¯ (x) + p(m)ν¯ A(m)aµ (x)
+ gfabc
∑
(rs)
∆′(rsm)A
(r)b
µ (x)A
(s)c
ν¯ (x) , (42a)
F (m)aµ¯ν¯ = p(m)µ¯ A(m)aν¯ − p(m)ν¯ A(m)aµ¯ + gfabc
∑
(rs)
∆′(rsm)A
(r)b
µ¯ A
(s)c
ν¯ , (42b)
where
p
(m)
µ¯ =
n∑
α=1
mα
Rα
δµ¯ 4+α , (43)
m2(m) =
(
m1
R1
)2
+ · · ·+
(
mn
Rn
)2
= p
(m)
µ¯ p
(m)
µ¯ . (44)
Recall that we are assuming that all radii Ri are equal. On the other hand, the 2-form curvature components
{F (0)aµν (x),F (m)aµν (x)} are given by
F (0)aµν (x) = F (0)aµν (x) + gfabc
∑
(m)
A(m)bµ (x)A
(m)c
ν (x) , (45a)
F (m)aµν (x) = D(0)abµ A(m)bν (x)−D(0)abν A(m)bµ (x)
+ gfabc
∑
(rs)
∆(mrs)A
(r)b
µ (x)A
(s)c
ν (x) , (45b)
where
F (0)aµν (x) = ∂µA
(0)a
ν (x)− ∂νA(0)aµ (x) + gfabcA(0)bµ (x)A(0)cν (x) , (46)
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are the curvature components associated with the standard gauge group SU(N,M4). Note that the right-hand side
of Eqs.(46) and (45b) transform in the adjoint representation of this group, as it must be. Then, the Lagrangian
(38a) contains the Yang-Mills term associated with the standard SU(N,M4) group plus terms involving interactions
among connection components and matter fields. Note that F (m)aµν (x) contains the kinetic terms for the matter fields.
This Lagrangian resembles the one emerging from the Yang-Mills sector of the electroweak group. In this case, the
role played by the SU(N,M4) group corresponds to the electromagnetic Ue(1,M4) group, whereas the role played
by the matter fields A
(m)a
µ evokes that of the W
(0)±
µ bosons.
As far as the mass terms for the KK A
(m)a
µ (x) fields are concerned, using the expression for the 1-form curvature
(42a), the Lagrangian (38b) becomes
LYMv-s =
∑
(m)
[1
2
(
D(0)abµ A(m)bν¯
)(
D(0)acµA(m)cν¯
)
+p
(m)
ν¯ A
(m)aµ
(
D(0)abµ A(m)bν¯
)
+
1
2
m2(m)A
(m)a
µ A
(m)aµ
]
+gfabc
∑
(mrs)
∆′(rsm)
[ (
D(0)adµ A(m)dν¯
)
A(r)bµA
(s)c
ν¯
+
g
2
fade
∑
(pq)
∆′(pqm)A
(r)b
µ A
(s)c
ν¯ A
(p)dµA
(q)e
ν¯
]
. (47)
Observe the resemblance of this term with a Higgs kinetic term. In fact, it has the same gauge and Lorentz structures
of these kind of terms. In particular, we would like to highlight the presence of mass terms for the KK vector A
(m)a
µ
fields and also the presence of bilinear and trilinear interactions proportional to the p
(m)
ν¯ scale, which are essential
ingredients of a Higgs kinetic term.
From the term proportional to F (m)aµ¯ν¯ F (m)µ¯ν¯a , in the Lagrangian (38c), massive scalars and massless scalars (pseudo–
Goldstone bosons) arise. In the general case, the (2n − 1)n KK towers of scalar fields A(m)aµ¯ show themselves in
bilinear forms, so that, after proper diagonalizations, one recognizes (2n − 1) towers of pseudo–Goldstone bosons,
which we denote by A
(m)a
G , and (2
n − 1)(n − 1) KK towers of massive scalar fields, represented here by A(m)an¯ , with
n¯ = 1, 2, . . . , n− 1. Using the above expressions for the 0-form curvature components, it can be seen that
LYMs-s = −
∑
(m)
{
1
2
A
(m)a
µ¯ M
(m)
µ¯ν¯ A
(m)a
ν¯ + gp
(m)
µ¯
∑
(rs)
∆′(rsm)
(
fabcA
(m)a
ν¯ A
(r)b
µ¯ A
(s)c
ν¯
)
+
g2
4
∑
(r)
[ (
feabA
(m)a
µ¯ A
(m)b
ν¯
)(
fecdA
(r)c
µ¯ A
(r)d
ν¯
)
+
∑
(spq)
∆′(rsm)∆
′
(pqm)
(
feabA
(r)a
µ¯ A
(s)b
ν¯
)(
fecdA
(p)c
µ¯ A
(q)d
ν¯
) ]}
, (48)
where, for each possible value of (m), the corresponding n× n symmetric mass matrix is
M
(m)
µ¯ν¯ = m
2
(m)δµ¯ν¯ − p(m)µ¯ p(m)ν¯ . (49)
This matrix, whose mathematical structure is directly dictated by gauge invariance, naturally leads to the existence
of a massless scalar field. To see this, we take the trace in Eq. (49) to obtain
δµ¯ν¯M
(m)
µ¯ν¯ = (n− 1)m2(m) , (50)
which shows that there exist (n − 1) mass-degenerate physical scalar fields and a massless scalar field, which can be
identified with a pseudo-Goldstone boson. This matrix can easily be diagonalized by noting that it coincides with
the inertia tensor, per mass unit, of a single massive particle located at r† = (p5, . . . , pn+4), with respect to some
n–dimensional Euclidean reference system, rotating with angular velocity ω about an arbitrary axis ωˆ = ω/ω. Hence,
M
(m)
µ¯ν¯ can be decomposed as
M
(m)
µ¯ν¯ = R(m)µ¯µ¯′M(m)µ¯′ν¯′R(m)ν¯ν¯′ . (51)
12
Here
(
M
(m)
µ¯′ν¯′
)
= diag(m2(m),m
2
(m), . . . ,m
2
(m), 0), and R(m) =
(
R(m)µ¯µ¯′
)
is an orthogonal matrix that transforms the
mass-eigenvector components A
(m)a
µ¯′ ≡ (A(m)an¯ , A(m)aG ) into A(m)aµ¯ , that is,
A
(m)a
µ¯ = R(m)µ¯µ¯′A(m)aµ¯′ = R(m)µ¯n¯ A(m)an¯ +R(m)µ¯G A(m)aG , n¯ = 1, 2, . . . , n− 1 , (52)
where
R(m)µ¯µ¯′R(m)ν¯µ¯′ = δµ¯ν¯ and R(m)µ¯µ¯′R(m)µ¯ν¯′ = δµ¯′ν¯′ . (53)
On the other hand, since R(m) is an orthogonal matrix with columns given by the principal-axes components, it
follows the useful identity
p
(m)
ν¯ R(m)ν¯ν¯′ = m(m)δν¯′G . (54)
From this equation, together with Eq.(44), one obtains
R(m)ν¯G =
p
(m)
ν¯
m(m)
. (55)
Observe that neither F (m)µ¯ν¯ nor F (0)µ¯ν¯ follow a covariant transformation rule under R(m). Hence, once expressed in
terms of the mass eigenvectors, Eq. (48) explicitly depends on R. In fact, inserting Eqs. (51) and (52) into Eq. (48)
we obtain
LYMs-s = −
∑
(m)
{
1
2
m2(m)A
(m)a
n¯ A
(m)a
n¯
+gp
(m)
µ¯ R(m)ν¯ν¯′
∑
(rs)
∆′(rsm)R(r)µ¯µ¯′R(s)ν¯λ¯′
(
fabcA
(m)a
ν¯′ A
(r)b
µ¯′ A
(s)c
λ¯′
)
+
g2
4
∑
(r)
[
R(m)µ¯µ¯′R(m)ν¯ν¯′ R(r)µ¯λ¯′R
(r)
ν¯ρ¯′
(
feabA
(m)a
µ¯′ A
(m)b
ν¯′
)(
fecdA
(r)c
λ¯′
A
(r)d
ρ¯′
)
+
∑
(spq)
∆′(rsm)∆
′
(pqm)R(r)µ¯µ¯′R(s)ν¯ν¯′R
(p)
µ¯λ¯′
R(q)ν¯ρ¯′
×
(
feabA
(r)a
µ¯′ A
(s)b
ν¯′
)(
fecdA
(p)c
λ¯′
A
(q)d
ρ¯′
) ]}
. (56)
From this Lagrangian we immediately recognize the massive fields A
(m)a
n¯ , with mass m(m), and various trilinear-
and quartic-interaction terms among them. It is worth emphasizing that all the mass terms are generated by the
curvature components F (m)aµ¯ν (x) and F (m)aµ¯ν¯ (x), which in turn come from the extra-dimensional curvature FaMN (x, x¯),
whose precise structure is fixed by gauge invariance. So all masses originate in gauge symmetry and, in that sense,
they can be properly called “gauge masses”. As far as the massless scalar A
(m)a
G fields are concerned, they play the
role of pseudo-Goldstone bosons, as they can be removed from the theory through a sort of unitary gauge. The
degrees of freedom that they represent appear as the longitudinal polarization states of the vector KK excitations
A
(m)a
µ . The implementation of such unitary gauge can be understood in terms of the NSGTs. To see this, consider a
specific NSGT with infinitesimal gauge parameters given by
α(m)a =
A
(m)a
G
m(m)
. (57)
Then, at first order in the fields, the NSGTs given by Eqs. (35b) and (35c) become
A
′(m)a
µ = A
(m)a
µ +
∂µA
(m)a
G
m(m)
, (58a)
A
′(m)a
n¯ = A
(m)a
n¯ , (58b)
A
′(m)a
G = 0 . (58c)
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where use of relations (52) and (55) was done. This is what we called the unitary gauge, due to its similarity
with the gauge used in the SM in which all pseudo-Goldstone bosons are set to zero. In such a gauge one has
A
(m)a
µ¯ = R(m)µ¯µ¯′A(m)aµ¯′ = R(m)µ¯n¯ A(m)an¯ . Note that the LYMs-s Lagrangian plays the role of a Higgs potential, as it allows us
to determine the presence of pseudo-Goldstone bosons and physical scalars.
The Lagrangian (47) is also affected by the orthogonal transformation (52). One has,
LYMv-s =
∑
(m)
{
1
2
(
D(0)abµ A(m)bn¯
)(
D(0)acµA(m)cn¯
)
+
1
2
(
D(0)abµ A(m)bG
)(
D(0)acµA(m)cG
)
+m(m)A
(m)aµ
(
D(0)abµ A(m)bG
)
+
1
2
m2(m)A
(m)a
µ A
(m)aµ
+gfabc
∑
(rs)
∆′(rsm)
[
R(m)ν¯ν¯′ R(s)ν¯µ¯′
(
D(0)adµ A(m)dν¯′
)
A(r)bµA
(s)c
µ¯′
+
g
2
fade
∑
(pq)
∆′(pqm)R(s)ν¯µ¯′R
(q)
ν¯ν¯′A
(r)b
µ A
(s)c
µ¯′ A
(p)dµA
(q)e
ν¯′
]}
, (59)
where relation (55) was used. From the term proportional to the m(m) scale in the above expression, one can identify
the presence of bilinear interactions between the vector KK excitations A
(m)a
µ and their associated pseudo-Goldstone
bosons A
(m)a
G . This class of interactions are typical of Higgs kinetic terms.
The canonical transformation given through the complete basis of functions {f (0), f (m)(x¯)} is enough to hide the
{ISO(1, 3 + n), SU(N,Md)} symmetry into {ISO(1, 3), SU(N,M4)}, since it allows us to establish the covariant
character of the new fields under both the inhomogeneous Poincare´ group and the gauge group. The constant
function f (0) plays a central role in identifying the SU(N,M4) gauge parameters and connections. No more
is required to hide the symmetry. The specification of an observable that generates this basis is unnecessary
at this stage, which, however, does not mean that it should not be done, but that we have, in principle, many
ways of doing it. The choice of such an observable is very important because it allows us to endow the fields
along the f (m)(x¯) directions with mass. The split of the {f (0), f (m)(x¯)} basis into the sub-bases {f (0)E , f (m)E (x¯)}
and {f (m)O (x¯)} is done in order to decouple effects of extra dimensions from the known physics. In particular,
fields along f (0) cannot receive mass at the compactification scale R−1. The choice of the Casimir invariant
associated with the subgroup of the translations of the inhomogeneous group ISO(n) is natural, given the structure
of the curvatures F (m)aµν¯ (x, x¯) and F (m)aµ¯ν¯ (x, x¯). After all, this invariant has to do with the homogeneity of the
flat Nn space. Of course, other options remain open, since the group ISO(n) has more than one Casimir invari-
ant for n > 1. Note that for n = 1 there are no physical scalars, since in this case the curvatures F (m)aµ¯ν¯ (x, x¯) are absent.
Continuing with the analogy between the KK and the Englert-Higgs mass-generating mechanisms, it should be
recalled that in the SM any mass, emerged after SSB, is given as σv, with v the Fermi scale and σ a dimensionless
parameter, so that a single dimensionful scale is enough to define all the masses of the model. In the model there
coexist light and heavy masses due to different values of the dimensionless parameters σ. This is an important feature
of the EHM. The KK mass-generating mechanism (KKM) also possesses this feature. In fact, if, as it has been done
throughout the work, we assume in Eq.(44) that all radii are equal, R1 = · · · = Rn ≡ R, we have
m(m) = R
−1
√
m21 + · · ·+m2n , (60)
which shows that the infinite KK mass spectrum is determined only by one dimensionful scale, namely, R−1. As in
the case of the EHM, here some masses are heavier than others due to different values of dimensionless parameters, in
this case, the diverse combinations of Fourier indices. So, for a fixed R−1, we can have KK particles with increasing
heavy masses by simply increasing the values of the Fourier indices. The lightest mass corresponds to the lowest
configuration of Fourier indices. On the other hand, we can have a KK spectrum that is very heavy relative to the
Fermi scale v by letting R → 0, which eventually would lead to the decoupling of these effects from low-energy
observables, as it is established by the decoupling theorem [14].
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Previously, we have highlighted some similarities of the KKMwith the EHM. However, there is an essential difference
between the two mechanisms that we would like to discuss now. For clarity, let us introduce a more compact notation.
In terms of the Lie’s basis {T a}, the gauge fields and gauge parameters of the G group can be written as follows:
Aµ = A
a
µT
a
= Aa¯µT
a¯ +AaˆµT
aˆ , (61)
α = αaT a
= αa¯T a¯ + αaˆT aˆ . (62)
On the other hand, in terms of the basis generated by Pµ¯, {|0〉, |p(m)〉}, the gauge fields and parameters of the
SU(N,Md) group can be written as follows:
|A(x)µ〉 = A(0)µ (x)|0〉+
∑
(m)
A(m)µ (x)|p(m)〉 , (63a)
|A(x)µ¯〉 = A(0)µ¯ (x)|0〉+
∑
(m)
A
(m)
µ¯ (x)|p(m)〉 , (63b)
|α(x)〉 = α(0)(x)(x)|0〉 +
∑
(m)
α(m)(x)|p(m)〉 . (63c)
When the abstract expressions (63a,63b,63c) are represented in the coordinates basis {|x¯〉} and the required parity on
their components demanded, Eqs.(30a,30b,30c) are recovered. The above results arise from assuming the completeness
of the coordinates and momenta bases, that is,
〈x¯′|x¯〉 = δ(x¯′ − x¯) , 〈p(r)|p(s)〉 = δ(r)(s) , (64a)∫
dnx¯ |x¯〉〈x¯| = 1 ,
∑
(r)
|p(r)〉〈p(r)| = 1 . (64b)
In the context of the EHM, assume that SSB G → H is implemented through the constant vector Φ0 that is left
invariant by the H subgroup. Then, the gauge fields associated with the broken generators T aˆ, of G, acquire mass.
The corresponding mass matrix emerges from the Higgs kinetic sector and is given by
(DµΦ)
†(DµΦ) = g2
[
Φ†0 (AµA
µ)Φ0
]
+ · · ·
= g2
[
Φ†0
(
AˆµAˆ
µ
)
Φ0
]
+ · · ·
= g2
[
Φ†0 i
(
AˆµAˆ
µ
)
ij
Φ0 j
]
+ · · · (65)
On the other hand, in the case of the KK gauge fields, the corresponding mass matrix emerges from the KK kinetic
sector as follows: ∑
(m)
Tr
(
F (m)µν¯ F (m)µν¯
)
=
∑
(m)
p
(m)
ν¯ p
(m)
ν¯ Tr
(
A(m)µ A
(m)µ
)
+ · · ·
= Tr
[〈Aµ(x)|P¯ 2|Aµ(x)〉] + · · ·
=
∑
(rs)
p
(r)
ν¯ Tr
[
〈p(r)|A(r)µ A(s)µ|p(s)〉
]
p
(s)
ν¯ + · · · , (66)
where Tr denotes a trace on products of Lie generators, which we assume to be normalized as Tr(T aT b) = δab/2.
The structures of Eqs. (65,66) are quite suggestive. In the EHM context, one says that associated with each
broken generator T aˆ of the group G, there are a massive gauge boson Aaˆµ, a pseudo-Goldstone boson A
aˆ
G, and a
gauge parameter αaˆ defining a NSGT. On the other hand, in the case of the KKM, one says that associated with
each eigenket |p(m)〉 of Pµ¯, there are a massive gauge boson A(m)aµ , a pseudo-Goldstone boson A(m)aG , and a gauge
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parameter α(m)a defining a NSGT. Following with this analogy, one can say that associated with each unbroken
generator T a¯ of G, there are a gauge field Aa¯µ and a gauge parameter α
a¯ defining a SGT; the set of generators T a¯
defining the Lie algebra of the subgroup H . On the other hand, in the KKM context, one says that associated with
the base state |0〉 of Pµ¯, there are a set of gauge fields A(0)aµ and a set of gauge parameters α(0)a defining SGTs;
both sets of gauge fields and gauge parameters defining the gauge group SU(N,M4). In Table I we summarize these
analogies.
TABLE I: Some analogies between gauge theories with SSB and gauge theories with compact extra dimensions. Here, the
superscripts s and ns stand for standard quantity and nonstandard quantity, respectively.
EHM KKM
Φ0 i p
(m)
µ¯
T a¯, T aˆ |0〉, |p(m)〉
AˆG = T
aˆAaˆG |AG(x)〉 = A
(m)
G |p
(m)〉
A¯µ = T
a¯Aa¯µ, Aˆµ = T
aˆAa¯µ |A
s
µ(x)〉 = A
(0)a
µ (x)|0〉, |A
ns
µ (x)〉 =
∑
(m)A
(m)a
µ (x)|p
(m)〉
α¯ = T a¯ αa¯︸︷︷︸
SGT
, αˆ = T aˆ αa¯︸︷︷︸
NSGT
|αs(x)〉 = α(0)a(x)︸ ︷︷ ︸
SGT
|0〉, |αns(x)〉 =
∑
(m) α
(m)a(x)︸ ︷︷ ︸
NSGT
|p(m)〉
Then, we have the following result: In the context of the Kaluza-Klein mass-generating mechanism, we say that
associated with each excited vector {|p(m)〉}, of the basis generated by the Casimir invariant P¯ 2, there are a massive
gauge boson, A
(m)a
µ , a pseudo-Goldstone boson, A
(m)a
G , and a gauge parameter, α
(m)a; the standard gauge bosons
A
(0)a
µ and standard gauge parameters α(0)a being aligned along the base state |0
〉
.
SUMMARY
In this paper, we have presented an effective theory for Yang-Mills theories that incorporates n flat compact
dimensions. Our starting point has been a field theory that is valid at energies far above the compactification scale
R−1, which respects the extended {ISO(1, 3 + n), SU(N,Md)} symmetries. It is assumed that the sizes Rj of the
extra dimensions are so large, compared with the distance scales at which this theory is valid, that they can be
practically considered as infinite.
To describe the physical phenomena at energies of order of the compactification scale R−1, we resort to the notion
of hidden symmetry and to a mass-generating mechanism, in this case the Kaluza-Klein mass-generating mechanism
or compactification. In order to hide the {ISO(1, 3 + n), SU(N,Md)} symmetries into the {ISO(1, 3), SU(N,M4)}
ones, two canonical transformations were implemented. First, a canonical map was implemented in order to
accommodate SO(1, 3+n) representations into SO(1, 3) representations. This map allows one to hide the SO(1, 3+n)
symmetry into the SO(1, 3) one. Next, a second nontrivial canonical map was implemented in order to remove any
manifest dynamical role of the inhomogeneous ISO(n) group. Crucial to this map is to assume the existence of a set of
orthonormal functions {f (0), f (m)(x¯)} defined on the compact manifold. The presence of the constant function f (0),
which may be common to any compactification scheme, plays a central role in defining the connections and gauge
parameters of the standard gauge group SU(N,M4). So, the components of Aaµ(x, x¯) and αa(x, x¯) along f (0) can be
identified, respectively, as the gauge fields and gauge parameters of the SU(N,M4) group; while their components
along the f (m)(x¯) directions emerge in the adjoint representation of this group. This map also allows one to identify
the KK fields A
(m)a
µ (x) as genuine gauge fields because it turns out that there is a one-to-one relation with the gauge
parameters α(m)a(x). As far as the scalar fields Aaµ¯(x, x¯) are concerned, their components, either along f (0) or along
f (m)(x¯), transform in the adjoint representation of the SU(N,M4) group. The components of both Aaµ(x, x¯) and
Aaµ¯(x, x¯) fields along the f (m)(x¯) directions can be endowed with mass, since they appear as matter fields from the
SU(N,M4) group perspective. In general, this is enough to correctly identify the {ISO(1, 3), SU(N,M4)} covariant
structure of the new basic fields. This means that to hide the extended symmetries into the standard ones, it is not
necessary to specify the geometry of the compact manifold.
The fact that the f (0) direction allows us to identify the connections of the standard gauge group, means that
any class of field with component along this direction does not receive mass at the R−1 scale. Only those fields
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along the f (m)(x¯) directions are endowed with mass by the Kaluza-Klein mechanism. In order to recover the known
particle spectrum of the standard theory, the basis {f (0), f (m)(x¯)} was divided into two sub-bases: the basis of even
functions, {f (0), f (m)E (x¯)}, and the basis of odd functions, {f (m)O (x¯)}. It was postulated that, with respect to the
reflection x¯ → −x¯, fields with standard counterpart are necessarily even, while fields without standard counterpart
are odd. The Kaluza-Klein mass-generating mechanism operates through the generators of the translations group
T (n) of the inhomogeneous group ISO(n). Because of this, it is natural to define the set of orthonormal functions
{f (0), f (m)E (x¯), f (m)O (x¯)} as the eigenfunctions of the Casimir invariant of ISO(n) associated with the translations.
Parity was introduced by assuming a compact manifold made of n copies of the orbifold S1/Z2. Dirichlet boundary
conditions on the odd solutions were assumed, whereas Neumann boundary conditions were imposed on the even
solutions. The eigenvalues of the Casimir invariant are the squared masses of the Kaluza-Klein particles. The zero
eigenvalue correspond to the eigenfunction f (0).
We have shown that there is an interesting parallelism of the Kaluza-Klein mass-generating mechanism with
the Englert-Higgs mechanism. Common to both mechanisms is the concept of hidden symmetry, which sets the
stage to endow gauge fields with mass. In the former case, we perform a canonical map between two internal
gauge groups G
v−→ H ; while in the latter one, the corresponding map takes place between two spacetime groups,
ISO(1, 3+ n)
R−1−−−→ ISO(1, 3). However, as to the mechanism that allows us to generate the mass terms in the theory,
we have found that there is an essential difference between the two approaches. In the case of the Englert-Higgs
mechanism, SSB tells us that there are a massive gauge boson, a pseudo-Goldstone boson, and a gauge parameter
associated with each broken generator of G; this set of gauge parameters define the NSGTs, which in turn allow us
to define the unitary gauge. In the same context, associated with each unbroken generator of G there are a gauge
field and a gauge parameter; this kind of gauge parameters defines the gauge transformations associated with the
subgroup H , which we have called SGT. In contrast, in the context of the Kaluza-Klein mechanism, we shown that
there are a massive gauge boson, a pseudo-Goldstone boson, and a gauge parameter associated with each vector
|p(m) 6= 0〉 of the basis generated by the Casimir invariant of the translations group T (n) ⊂ ISO(n); the complete
set of this type of gauge parameters defines the NSGTs, which, as in the standard case, serve to define unitary
propagators for the KK gauge excitations. In this case, the gauge fields and gauge parameters of the standard group
SU(N,M4) are aligned along the base state |0〉. On the other hand, both mechanisms share the property of gener-
ating a mass spectrum that is given as the product of a dimensionless constant by the dimensionful scale of the theory.
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Multiple sums
The symbol
∑
(m) summarizes a total of 2
n−1 different series and coincides with the notation∑′ used in Ref. [11].
In fact,
∑
(m)
T (m) :=
∞∑
m1=1
T (m1,0,...,0) +
∞∑
m2=1
T (0,m2,0,...,0) + . . .+
∞∑
mn=1
T (0,...,mn)
+
∞∑
m1,m2=1
T (m1,m2,0,...,0) + . . .+
∞∑
mn−1,mn=1
T (0,...,0,mn−1,mn)
...
+
∞∑
m1,...,mn=1
T (m1,...,mn) . (67)
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Since the positions of the Fourier indices in the spaces of (m) are not relevant, but only the number of them that
have been occupied, in practice one can use the following definition
∑
(m)
=
n∑
l=1
(
n
l
)
∞∑
(m1,··· ,ml)=1
. (68)
List of useful integrals and conventions
Recall that in Sec. , fields were defined on the base manifoldMd, which is the product of the Minkowsky spacetime
manifold in four dimensions, M4, and the compact manifold made of n copies of the orbifold S1/Z2. These fields
were Fourier expanded using their periodicity and parity. In order to make the notation manageable, the following
constant and functions were defined:
f
(0)
E :=
1√
(2piR1) · · · (2piRn)
(69)
f
(m)
E (p¯ · x¯) :=
√
2
(2piR1) · · · (2piRn) cos (p¯ · x¯) , (70)
f
(m)
O (p¯ · x¯) :=
√
2
(2piR1) · · · (2piRn) sin (p¯ · x¯) , (71)
where p¯ · x¯ = m1x1
R1
+ . . .+
m
n
xn
Rn
. To be precise, this scalar product should be written as p¯(m) · x¯ in order to stress the
fact that all possible combinations of pµ¯ along the extra dimensions must be considered. The underlines on Fourier
indices in
m
1
x1
R1
+ . . .+
m
n
xn
Rn
emphasizes this fact (see Ref. [11])
The process of compactification involves integration on the extra dimensions x = (x5, · · ·x4+n), of certain
combinations of products of the even and odd functions defined above. In this appendix we collect some useful
integrals1.
Integral of one even/odd function f (m),∫ 2piRn
0
. . .
∫ 2piR1
0
dnx f
(m)
E (p¯ · x¯) =
∫ 2piRn
0
. . .
∫ 2piR1
0
dnx f
(m)
O (p¯ · x¯) = 0 . (72)
The orthonormality of the set {f (m)E (p¯ · x¯), f (m)O (p¯ · x¯)},
∫ 2piRn
0
. . .
∫ 2piR1
0
dnx f
(m)
E (p¯ · x¯)f (k)O (p¯ · x¯) = 0 , (73)
(74)∫ 2piRn
0
. . .
∫ 2piR1
0
dnx f
(m)
E (p¯ · x¯)f (k)E (p¯ · x¯) (75)
(76)
=
∫ 2piRn
0
. . .
∫ 2piR1
0
dnx f
(m)
O (p¯ · x¯)f (k)O (p¯ · x¯) = δ(mk) . (77)
The integrals of combinations of the product of three even and/or odd functions with different Fourier modes,
∫ 2piRn
0
. . .
∫ 2piR1
0
dnxf
(m)
E (p¯ · x¯)f (k)E (p¯ · x¯)f (r)E (p¯ · x¯) = f (0)E ∆(mkr) , (78)
1 Notice that the integral limits and the arguments of the even and odd functions used here, are a reparametrization of those used in [11].
Also, observe that throughout the paper we use, by simplicity, f(m)(x¯) instead of f(m)(p¯ · x¯)
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∫ 2piRn
0
. . .
∫ 2piR1
0
dnxf
(m)
O (p¯ · x¯)f (k)O (p¯ · x¯)f (r)E (p¯ · x¯) = f (0)E ∆′(mkr) , (79)
∫ 2piRn
0
. . .
∫ 2piR1
0
dnx f
(m)
O (p¯ · x¯)f (k)O (p¯ · x¯)f (r)O (p¯ · x¯) (80)
=
∫ 2piRn
0
. . .
∫ 2piR1
0
dnx f
(m)
E (p¯ · x¯)f (k)E (p¯ · x¯)f (r)O (p¯ · x¯) = 0 , (81)
where
∆(rms) =
1√
2
(
δm, r+s + δr, m+s + δs, r+m
)
, (82a)
∆′(rms) =
1√
2
(
δm, r+s + δr, m+s − δs, r+m
)
. (82b)
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